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ABSTRACT Moment analysis of capillary column inverse gas chromatography (IGC) data provides accurate 
measurement of polymer-solute diffusion coefficients. The technique is ideal for studying interactions of 
volatile materials with molten or rubbery polymers, a t  conditions approaching infinite dilution of the volatile 
component. The analysis presented by Pawlisch et  al.,l however, can provide flawed results if the geometry 
of the column coating is not uniform or if the polymer/solute system exhibits elution curves with significant 
skewing. In this paper, we present two improvements that overcome these limitations: (1) a model that accounts 
for a nonuniform polymer film and (2) a method for parameter estimation in the Fourier domain. The usefulness 
of the improvements is demonstrated by measuring the diffusivity and activity of benzene, toluene, and 
ethylbenzene in polystyrene, between 110 and 140 "C, the system investigated in part 1, and of methanol, 
methyl acetate, and methyl methacrylate in poly(methy1 methacrylate) a t  temperatures above the glass transition 
temperature. In addition, the IGC technique is demonstrated to  be applicable a t  temperatures below the 
glass transition temperature, as successful sub-T, measurements were made for methanol in poly(methy1 
methacrylate). Finally, criteria are presented for the experimental modifications necessary to reduce the skewing 
of elution curves, which can reduce the reliability of results. 

Introduction 
Inverse gas  chromatography (IGC) is  now well estab- 

lished as a means of s tudying  interactions be tween poly- 
mers and volatile solutes. In a typical application, the 
polymer is  used as the stationary phase of a chromato-  
graphic  column, while a pulse of the volatile solute is va- 
porized and injected into a carrier gas that flows through 
the column. The retention time and the elution profile 
of the so lu te  pulse,  affected by interactions be tween the 
solute and the stationary phase, can be used to s tudy  those 
interactions.  Because  the volume of in jec ted  solute 
(sometimes referred to as a probe) is small (0.2 pL of liq- 
uid),  interactions be tween the probe and the s ta t ionary  
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phase generally occur at solute concentrations approaching 
infinite dilution. Depending upon the physical state of the 
polymer and the nature of the probe, a wide variety of 
physical and/or chemical proper t ies  can  be measured. 
Reported applications of the technique include measure- 
ments of thermodynamic  properties of solutions, surface 
sorption characteristics, phase-transition temperatures, and 
degree of crystallinity of the polymeric phase. These ap- 
plications have  been reviewed in detai l  by  several au- 
t h o r ~ . ~ - ~  

IGC has also been proposed as a means  of s tudying  
diffusion of solutes within a polymeric material. It has long 
been recognized that transport  limitations in  t h e  stationary 
phase can produce  significant broadening  and distortion 
of a chromatographic peak. A number  of researchers have 
a t t e m p t e d  to exploit  t h i s  phenomenon as a means  of 
measuring the diffusion coefficient of the probe substance 
in  the stationary In a€l of these studies,  packed 
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column chromatography was employed, and diffusion 
coefficient estimates were extracted from elution curve 
data via application of the van Deemter equation. None 
of these efforts provided a convincing demonstration that 
the method can be used to obtain accurate, reliable esti- 
mates of the diffusion coefficient; difficulties inherent in 
the use of a packed column make it nearly impossible to 
relate the shape of the elution curve to the diffusion 
coefficient. The major limitation is the irregular distri- 
bution of the stationary phase within the column, which 
prohibits application of realistic models for stationary 
phase transport processes. Two recent, carefully done 
studies12J3 show improvements in the use of packed col- 
umns, but both indicate the inappropriateness of packed 
columns for diffusion studies, given that calibration with 
a primary technique is required. 

In the first paper' of this series, we have shown that by 
the use of a uniformly coated capillary column, this lim- 
itation can be eliminated. Reliable estimates of the solute 
diffusion coefficient were obtained from the degree of peak 
broadening, by using a mathematical model that assumes 
a uniform, annular coating of polymer. A moment analysis 
of the elution curve was used to obtain the parameter 
estimates. The effectiveness of the technique was dem- 
onstrated in a study of benzene, toluene, and ethylbenzene 
in polystyrene. 

In this paper, we expand upon the model introduced in 
part 1 to incorporate the effect of small deviations in the 
uniformity of the polymer coating. The model used in part 
1' assumes that the polymer is deposited in the column 
as an annular film of uniform thickness. Although the 
coating procedure outlined in part 1 does produce annular 
coatings with a uniform axial distribution of polymer, the 
coatings may exhibit a small eccentricity when viewed in 
cross section. These deviations from uniformity may de- 
velop during the coating process, as the result of defor- 
mation of the liquid/vapor meniscus by gravitational 
forces. The improved model, developed below, will be used 
to investigate the significance of these deviations. I t  will 
also be used to obtain diffusion coefficient estimates from 
columns that had coatings with slight irregularities. 

In the previous study, the measured elution curves were 
nearly symmetric, and analysis using the method of mo- 
ments provided reliable parameter estimates. However, 
for systems that exhibit lower diffusivity within the sta- 
tionary phase, moment analysis becomes less attractive. 
A t  these conditions, the elution curves become skewed, 
with significant tailing. Calculation of the moments of 
skewed curves can result in significant errors, and the 
moment method becomes unreliable. 

In this paper, we address this limitation by introducing 
an improved method of parameter estimation, based on 
analysis of temporal data transformed to the Fourier do- 
main. To compare Fourier domain estimation to moment 
analysis, we first apply the new method to the same sys- 
tems considered in part 1. The superiority of Fourier 
domain estimation is then demonstrated by an IGC study 
of methanol, methyl acetate, and methyl methacrylate in 
poly(methy1 methacrylate). These systems, by virtue of 
their lower diffusivities, yield much more skewed elution 
curves, which preclude the effective use of moment 
analysis. 

In part 1, all measurements were made at  temperatures 
above the glass transition temperature of the polymer, and 
Fickian diffusion is expected. In part 2, measurements 
below the T,  have been investigated. At temperatures 
below the T,, anomalous diffusion can occur if the diffusion 
Deborah number,I4 De,  is of order unity; that is, the 
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characteristic time for relaxation is approximately equal 
to the characteristic time for diffusion. De is not known 
for our IGC experiments. However, in the limit of an 
infinitely small concentration change, as approached in the 
IGC experiment a t  infinite dilution, the diffusion neces- 
sarily becomes Fickian, regardless of the value of De. As 
well, the diffusivity measured should be independent of 
De,  since the state of the glass changes negligibly over the 
small concentration range of the IGC experiment. IGC 
effectively decouples the processes of transport and re- 
laxation. Indeed, IGC may be more suitable for measuring 
the diffusivity of solvents in glassy polymers than the most 
commonly used experiment, sorption; the larger concen- 
tration range of the sorption experiment often results in 
relaxation of the glass and, hence, anomalous diffusion. 

In this study, the capillary column IGC technique is 
demonstrated to be applicable at temperatures below the 
glass transition temperature; results of IGC measurements 
made on methanol in poly(methy1 methacrylate) a t  tem- 
peratures below the Tg are reported and discussed. 

Improved Model for Capillary Column 
Chromatography 

In part 1,' the column was modeled as a straight ca- 
pillary tube with an annular coating of uniform thickness. 
We now consider the case where the polymer coating is no 
longer a uniform film but exhibits some eccentricity when 
viewed in cross section. The nonuniform film model is 
presented as an extension to the uniform film model. For 
this reason, we begin by outlining the development of the 
transport equations for the uniform film case. A more 
detailed discussion of the uniform film model is found in 
part 1' and in the Pawlisch di~sertation. '~ 

Transport Equations for the Uniform Film Model. 
Following part 1, the same set of initial assumptions are 
used: 

(1) The system is isothermal. 
(2) The gas phase is treated as an incompressible fluid, 

(3) The carrier flow is steady laminar flow with a par- 

(4) The polymer phase is homogeneous. 
(5) The polymer film is in the shape of a concentric 

(6) The polymer film thickness is much less than the 

(7) Axial diffusion in the stationary phase is negligible. 
(8) The carrier gas is negligibly soluble in the polymer. 
(9) The absorption isotherm is linear. 
(10) Surface adsorption occurring at the polymer-gas 

interface and at the polymer-column interface is negligible. 
(11) No chemical reaction occurs between the sample 

gas and the polymer. 
(12) The diffusion coefficient varies negligibly over the 

small concentration variations of the IGC experiment. 
(13) The injected sample enters the column as a narrow 

pulse so that the inlet concentration profile can be modeled 
as an impulse function. 

In part 1, a description of the elution process was ob- 
tained by writing the continuity equation for the gas phase 
and the polymer phase. A complete solution of the 
problem requires that the gas-phase continuity equation 
be solved in two dimensions. However, for practical ap- 
plications, the details of radial distribution of the solute 
are unimportant. A description of the longitudinal dis- 
persion of the solute in terms of a radially averaged mean 
concentration is sufficient to describe the elution of a 
chromatographic peak. Thus, radial averaging was used 
to simplify the gas-phase equation. It was demonstrated 

since the axial pressure drop is small. 

abolic velocity profile. 

annulus of constant thickness. 

radius of the column. 
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that, at the conditions of our experiments, the longitudinal 
dispersion of solute can be described by the following set 
of equations: 

(1) - + V- = D,- + - - 
a2C :Il,=, ac  a c  

a t  a z  a 22 
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longer axially symmetric, the gas-phase equation must be 
solved in three dimensions to obtain a full description of 
the solute distribution. However, in the previous model, 
we were able to use a one-dimensional description of 
gas-phase transport by assuming that radial concentration 
gradients are negligible. 

We make a similar assumption in modeling the nonu- 
niform case; concentration gradients normal to the axis of 
the column are considered to be negligibly small. Validity 
of the assumption again requires that transport processes 
normal to the column axis be rapid in comparison to axial 
convection and diffusion within the polymer phase. Note 
that the scaling of these transport processes is not fun- 
damentally altered by allowing the coating thickness to 
vary slightly. Therefore, use of a nonuniform coating does 
not change the nature of solute transport within the gas 
phase. Consequently, eq 1 can still be used to model axial 
dispersion of the solute, provided that appropriate mod- 
ifications are made to the boundary flux term. The point 
flux of solute, which is no longer independent of position, 
must be replaced by the solute flux averaged over the 
circumference of the column. That yields the following 
result: 

where V is the mean velocity of the carrier gas, z and r are 
the axial and radial coordinates, D, and D, are the gas- 
phase and polymer-phase diffusion coefficients, c ’ is the 
polymer-phase solute concentration, and c is the area- 
averaged gas-phase solute concentration, defined as 

c = JRrc d r / X R r  dr (3) 

where c is the gas-phase concentration of solute and R is 
the distance from the center of the column to the polymer 
film. 

The appropriate initial and boundary conditions are 

c = c ’ = O  at  t = O  (4) 

c = 6(t)co a t  z = 0 (5) 
c(z,t) = c’(r,z,t)/K a t  r = R (6) 

acf/ar = 0 a t  r = R + 7 (7) 

where co is the strength of the inlet pulse, K is the partition 
coefficient, and 7 is the film thickness. 

In this formulation of the problem, transport of solute 
within the gas phase is modeled by using a plug-flow, 
convective-diffusion equation; transport of solute within 
the polymer phase is treated as diffusion in a slab. The 
equations are coupled via boundary conditions relating the 
transport and partitioning of solute between the two 
phases. 

The key assumption required to derive eq 1 is that at 
any point within the column, radial concentration gra- 
dients within the gas phase are negligibly small. An 
equivalent statement is that the solute concentration in 
the gas phase is a very strong function of axial position but 
a very weak function of radial position. The assumption 
will be valid as long as radial diffusion, which tends to 
eliminate radial concentration gradients, occurs more 
rapidly than those processes that create radial concen- 
tration gradients (i.e,, transport of solute between phases 
and the coupling of nonuniform axial convection with axial 
concentration gradients). As discussed by Pawli~ch,’~ a 
plug-flow model can be justified for the experimental 
conditions used in this study. 

The key assumption required to derive eq 2 is that the 
polymer coating is so thin relative to the radius of the 
column that the curvature of the film is negligible. Again, 
for the columns used in this study, the assumption is easily 
j~s t i f i ed . ’~  

Modification for Nonuniform Coatings. We now 
relax assumption 5 and modify eq 1 and 2 to deal with the 
case where the polymer film is not uniform. It  will be 
assumed that the polymer film thickness varies only about 
the circumference of the column; the coating is still as- 
sumed to be uniform axially (i.e., in a cylindrical coordinate 
system (r, z, 41, the film thickness depends only on 4). 
Furthermore, we assume that the film retains an annular 
character (complete coverage of the wall) and that the 
variations in thickness occur gradually. 

Because of the azimuthal variation in the film thickness, 
the solute flux across the gas-polymer interface is now a 
function of angular position. Because the problem is no 

where R is now the average radius to the polymer-gas 
interface, and the broken brackets denote an average taken 
over the circumference, defined as 

(f) = S“fW 0 d @ / 1 2 T d 4  0 (9) 

When the film thickness varies with position, the poly- 
mer-phase continuity equation must be solved in three 
dimensions to obtain a full description of solute transport. 
However, in the previous model, axial diffusion in the 
polymer phase was assumed negligible on the basis of 
scaling considerations. That assumption is also valid in 
the present case. 

I t  is further assumed that the film thickness changes 
very gradually with position. Because of this, azimuthal 
diffusion is also assumed to be negligible in comparison 
to radial diffusion. Locally, therefore, solute transport 
within the polymer phase is essentially one-dimensional, 
in a direction normal to the film surface. Consequently, 
transport in the polymer layer will continue to be treated 
as diffusion in a slab: 

with 

c ’ = O  at  t = O  (11) 

c ’ =  cK at  r ’ =  0 (12) 

ac’/ar’ = 0 a t  r’ = T ( @ )  (13) 
and where r‘ = r - R. Because of the boundary condition 
given as eq 13, the solution of the polymer transport 
equation is now a function of 4. 

The problem is now made dimensionless by introducing 
the following variables: 

7 = r’/Tm x = z / L  W(4)  = 7 ( 4 ) / T m  

where T ,  is the mean film thickness, ( 7(4)), and W ( 4 )  is 
the dimensionless film thickness. 
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In dimensionless form the transport equations become 

where 

The initial and boundary conditions become 
y = q = O  at O = O , x > O  (18) 

y = 6(0) at x = 0 (19) 
q = y  at q = O  (20) 

a q / a n  = o a t  = ~ ( $ 1  (21) 

With use of Laplace transforms, eq 15-21 may be solved 
to obtain 

where \k(s) is given by 

and where Y(s) is the Laplace transform of the exit con- 
centration, defined as 

The transform (eq 23) cannot be inverted (analytically 
or numerically) until a film distribution function is spec- 
ified. Even with very simple film distribution functions, 
the resulting transform may be more complex than for the 
uniform film case and, thus, not invertible analytically. 

However, with the moment-generating property of La- 
place transforms, general expressions for the moments of 
the real-time concentration distribution can be obtained 
without specifying a distribution function. 

I t  is readily shown that 

where 

The normalized moments can be used to calculate cen- 
tral moments, which are frequently more meaningful in 
characterizing an elution curve: 

(27) 

Application of these equations to the Laplace transform 
solution yields the following set of moment equations: 

IL1 = [ ;](1+ 

These equations are similar to those derived in part 1 
and reduce to the uniform film case when W(+) = 1. As 

Figure 1. Cross-sectional drawing of a nonuniform coating. 
Diagram illustrates the nature of the film asymmetry observed 
in some columns. This film thickness is not to scale (with respect 
to the column radius) to make the nonuniformity more obvious. 

expected, the first moment or retention time of a sample 
is not dependent on the geometry of the coating. The 
second moment about the mean, or peak variance, is a 
function of the polymer phase diffusivity and the geometry 
of the coating. In general, nonuniformity of the coating 
will increase the variance of a chromatographic peak be- 
yond what would be observed for a uniformly coated 
column. Consequently, application of a uniform film 
model to analyze data from an irregularly coated column 
will underestimate the diffusivity. The effect of coating 
irregularities on diffusion coefficient estimates is consid- 
ered in greater detail below. 

Results for a Simple Distribution. Quantitative in- 
formation about the effect of film irregularities on diffusion 
measurements requires that specific film distribution 
functions be considered. In this section, results for the 
simplest kind of nonuniform film are presented to show 
that minor variations in film thickness have a minimal 
effect on the accuracy of diffusion coefficient estimates. 

The choice of film distribution function was motivated 
by the results of direct examination of column samples by 
using a scanning electron microscope. When viewed in 
cross section, all the samples showed annular coatings. 
However, in some columns, the coatings were asymmetric, 
having the appearance of an eccentric annulus, as shown 
in Figure 1. To model the coating, we assumed that the 
coating was symmetric about a line bisecting the annulus 
and that within each half-section, the film thickness is a 
linear function of angular position. That is 

W(4) = a + bl$l -H < < x  (30) 

Because W(f)  is a normalized distribution function, the 
following must be true: 

Because of this restriction, the film distribution function 
can be written as a one-parameter model in terms of either 
‘‘a” or “b”. Experimentally, however, it is more convenient 
to characterize the film uniformity by measuring the ratio 
of the thinnest to thickest film dimensions observed at a 
particular cross section. This ratio, designated Qi, is related 
to the parameters “a” and “b” by the following: 
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Figure 2. Effect of coating asymmetry on the elution profile. 
These theoretical profiles were obtained by using a nonuniform 
film model with a = 1, /3 = 1.0, and y = 0.00001; Qi was varied 
to  show the effect of film nonuniformity on peak shape. Curve 
a, with Qi = 1.0, is for a uniform film. Curve b is for Qi = 0.25, 
an intermediate degree of asymmetry. Curve c is for Qi = 0.0, 
the most severe asymmetry possible. 

where Qi is T,~,,/T,,,, “a” is 7 m i n / ~ m ,  and “b” is the slope 
of the film surface. Qi is bounded by 0 and 1, with the 
latter representing a uniform film and the former repre- 
senting the most severe asymmetry possible with this 
particular model. 

For the simple film distribution, the integrals in eq 23 
and 29 can both be evaluated analytically. Substitution 
of the film model into eq 23 yields the following transform: 

where @(s) is given by 

When axial molecular diffusion is negligible (i.e., l / y  = 
0), then eq 33 simplifies to 

Y(s) = exp[-\k(s)] (35) 

Substitution of the film model into eq 29 yields the fol- 
lowing expression for the variance of the elution curve: 

+ 2y( 1 + (36) 
..*=[$I[- 4p2 2(1 + Qi2) 

3a (1 + Qi)’ 

This last result clearly shows the effect of film non- 
uniformity upon spreading of the elution curve. As the 
film changes from completely uniform to highly nonuni- 
form (i.e., as Qi decreases from 1 to 0), the magnitude of 
the first term in eq 36 doubles. Since the second term of 
eq 36 generally will be negligible when polymeric stationary 
phases are used, the variance of the resulting elution curve 
could be increased by as much as a factor of two. The 
qualitative effect of increasing film asymmetry on peak 
shape is illustrated in Figure 2. Shown are theoretical 
plots for three different values of Qi, at  fixed values for 
a and /3. The general effect of film asymmetry is to skew 
the distribution more sharply. 

It should be apparent from eq 36 and from Figure 2 that 
if a uniform film model is used to analyze experimental 
data obtained from a nonuniform film, then the estimated 

0.9 ’‘or! - - - - - - - -  

o.6 t , \ I  
05L 1 I / ,  1 
0 02 0 4  0.6 0.8 10 

I-Qi 
Figure 3. Sensitivity of the diffusion coefficient estimate to film 
uniformity. Diagram shows the error that results from using a 
uniform film model to calculate the diffusivity from elution curves 
obtained with an asymmetric coating. 
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- I>. - 0.2- V I 3  - 
I I , , I 
0 2 4 6 8 

t / td  

Figure 4. Effect of coating asymmetry on the elution profile with 
a low degree of film asymmetry. These theoretical profiles were 
obtained by using a nonuniform film model with a = 1.0, p = 1.0, 
and y = 0.00001. For curve a, Qi = 1.00; for curve b, Q, = 0.5. 

value of the diffusivity will be lower than the correct value. 
For the case where moment analysis is used to obtain the 
diffusivity, the error that  will result can readily be de- 
termined by comparing the second moment equations for 
the two models. The apparent or measured diffusivity (i.e., 
assuming a uniform film) is related to the true diffusivity 
and the film geometry by the following: 

Figure 3 shows a plot of this relationship for the per- 
missible values of Qi. The peak variance is relatively in- 
sensitive to film asymmetry for moderately irregular films 
(Qi I 0.5). As long as there are no sections of the film 
much thicker or thinner than the mean value, use of a 
uniform film model will not lead to significant errors in 
the estimated value of the diffusion coefficient. For ex- 
ample, when Qi is 0.5, the value of D, estimated with a 
uniform film model will only be 10% low. The relative 
insensitivity of peak shape to small irregularities in the film 
geometry is further illustrated in Figure 4, which compares 
theoretical elution curves for Qi equal to 0.5 and 1.0, a t  a 
fixed value of (Y and 0. The resulting curves are nearly 
identical in shape. 

Increasing the film asymmetry has the same effect on 
the second moment as decreasing the polymer-phase dif- 
fusion coefficient; however, it affects the shape of the 
elution curve differently. This is illustrated by Figure 5, 
which compares theoretical elution curves for a uniformly 
coated and nonuniformly coated column, where the dif- 
fusion coefficients have been selected to yield identical 
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peak shape; third moments, for example, are needed to test 
for the skewness. In addition, the method of moments does 
not provide an unequivocal criterion for the goodness of 
fit. To ensure that a good fit of the model has been at- 
tained, we find it is necessary to make a direct comparison 
of the original response curve with the theoretical response 
curve predicted by the parameter estimates. 

Estimation in the time domain of the model parameters 
avoids these difficulties and is preferred for its increased 
accuracy and reliability. Parameters are selected to min- 
imize an objective function that expresses, according to 
some specified criterion, the difference between the ex- 
perimental and theoretical response c ~ r v e s . ~ ~ J ~  Typically, 
a least-squares objective function is chosen. The key 
difficulty in applying time domain estimation to this ap- 
plication is that an analytical solution of the model 
equations in the time domain is not available. Thus, 
minimization of the objective function requires repetitive 
numerical computation of the theoretical response curve 
in the time domain. 

A more attractive alternative to moment analysis is the 
estimation in the Fourier or Laplace domains. Although 
usually classified as different methods, Fourier and Laplace 
domain estimation are fundamentally the same because 
the properties and structure of the transforms are similar. 
In both methods, the transform of the experimental re- 
sponse curve is first generated numerically; the analytical 
expression for the transform is subsequently fitted directly 
to the transformed response curve by using a nonlinear 
regression algorithm.20,21 

Of these alternatives to the method of moments, Fourier 
domain estimation was chosen for the current study. The 
key advantage of this technique is that an estimation 
criterion may be defined equivalent to a least-squares 
criterion in the time domain.*I For those models that do 
not yield analytical time domain solutions, Fourier domain 
estimation is computationally more efficient and yields an 
equivalent result. 

Estimation in the Fourier Domain. With Fourier 
domain estimation, model parameters are chosen to min- 
imize the difference between the Fourier transforms of 
experimental and theoretical elution curves. The Fourier 
transform of a bounded, time-varying response curve, f (  t ) ,  
is defined as 

- - 1  I 

I , , , 1 I 
0 2 4 6 8 10 

t / td 

Figure 5. Comparison of the effects of coating asymmetry and 
polymer-phase transport resistance on the elution profile. These 
theoretical profiles have identical second moments but differ 
significantly in shape. Curve a was obtained for a uniform coating 
and a lower value of the diffusivity (Qi = 1.0, 0 = 1.0, D = Do). 
C w e  b was obtained for an asymmetric coating and a higher value 
of the diffusivity (Q, = 0, p = 0.707, D = 2 0 , ) .  

values for the second moments. Though the variance of 
each curve is the same, the elution curves are significantly 
different in appearance. 

Estimation of Model Parameters. An IGC experi- 
ment is a classic example of an input-response experiment: 
the chromatogram (system response) is produced by in- 
jecting solute into the inlet of the column (an input dis- 
turbance). Methods for obtaining estimates of parameters 
in a mathematical model of a system from input-response 
experiments are well developed and generally fall into one 
of four categories: time domain estimation, Laplace do- 
main estimation, Fourier domain estimation, and the 
“method of moments”.16 

In the first paper of this series,l moment analysis was 
used to obtain parameter estimates from experimental 
elution curves. The procedure is simple and direct. Ex- 
perimental elution curves are first integrated to obtain first 
and second moments, as defined by eq 26 and 27. Then 
these results are used with eq 28 and 29 to calculate the 
diffusion and partition coefficient. 

Moment analysis worked well in the previous study, 
because the elution curves were nearly symmetric, with 
well-defined end points. However, the method of moments 
have several well-known shortcomings that limit its use 
as a general analytical te~hnique.’~ 

The foremost difficulty is the nature of the weighting 
function used in eq 27. By virtue of the polynomial 
weighting function, experimental central moments will be 
strongly influenced by data collected far from the mean 
of the distribution. For pulse or peaklike distributions, 
these regions correspond to the tails of the elution curve, 
where the signal level and signal-to-noise ratio are small. 
The magnitude of higher order moments is increasingly 
sensitive to random signal fluctuations. Moreover, accurate 
calculation of higher order moments requires that the 
reference base line be well-defined and stable and that the 
end point of the elution curve is readily identified. If these 
conditions cannot be met, then large errors can result, 
either from truncation of the tail or from integration of 
noise in the base-line signal. 

As a consequence of the increasingly poor accuracy of 
higher order moments, moment analysis is generally re- 
stricted to determination of one or two parameters. The 
procedure also does not admit discrimination between 
models, as the lower order (first and second) moments of 
a distribution provide a very limited characterization of 

If f ( t )  = 0 for t < 0, then substitution of s = iw into the 
above equation yields the definition of the Laplace 
transform. Thus, the Fourier transform can be obtained 
from the Laplace transform solution (eq 22 and 23) by the 
substitution s = iw. The Fourier transform of an exper- 
imental elution curve can be calculated at  discrete values 
of w by numerical integration of eq 38. The specific al- 
gorithms used in this study are given later. 

The best criterion for minimizing the difference between 
the theoretical and experimental transform is not imme- 
diately obvious. In the time domain, a least-squares cri- 
terion is usually preferred.22 That is, parameters are se- 
lected that minimize the following objective function: 

where fJ t )  is the experimental response curve, and f t ( t )  
is the theoretical response curve. 

It follows from Parseval’s theorem that a least-squares 
criterion in the time domain is equivalent to the following 
criterion in the Fourier domain:23 



Macromolecules, Vol. 21, No. 6, 1988 Solute Diffusion in Polymers 1691 

Table I 
Summary of Column Dimensions 

polystyrene PMMA 
col 1 col2 col3 col 1 col 2 

coating solvent THF THF chloroform chloroform MEK 
film thickness, pm 11.7 6.7 9.0 6.3 5.3 
inner radius of 629.0 669.0 563.0 426.0 367.0 

axial length of 14.96 15.63 15.62 16.70 17.78 

eq 43 are related to the convergence properties of these 
Fourier series expansions. 

In the present study, eq 43 with 200 series coefficients 
(i.e,, the summation truncated a t  N = 99) was used as the 
objective function in the estimation of the unknown model 
parameters. As discussed earlier, values for the theoretical 
Fourier transform were obtained by substituting s = io into 
the Laplace transform solution. Experimental transform 
values were obtained by numerical integration of eq 44 and 
45, by using a trapezoidal rule algorithm. 

Selection of the best set of model parameters was done 
by using a commercial nonlinear regression code (subrou- 
tine ZXSSQ from the IMSL software library, International 
Mathematical & Statistical Libraries, Inc., Houston, TX). 
This code is based on a Levenberg-Marquardt algorithm 
and returns estimates of a and 0 precise to four digits. 
Generally, initial guesses for cy and p were obtained via 
moment analysis. 

The number of coefficients used in the fitting routine 
is limited by the need to evaluate the experimental series 
coefficients by numerical integration. Because the integ- 
rand contains an oscillatory function, some caution is re- 
quired when a trapezoidal rule is used to evaluate the 
integral. Unless the period of oscillation of the integrand 
is much longer than the sampling period of f ( t ) ,  the ap- 
proximation of the integral obtained by an interpolatory 
quadrature rule will be poor. This restricts the use of 
trapezoidal rule integration to small values of w,. In 
practice, this is not a severe limitation. Both the real and 
imaginary parts of G(o,) approach 0 as n becomes large; 
the higher frequency coefficients contribute little to the 
objective function and thus have little effect on the min- 
imization procedure. 

Experimental Section 
The apparatus and general procedures of the capillary column 

IGC experiment were described in part 1' and will not be repeated 
here. 

Materials. The characteristics of the polymer and solvents 
used for the polystyrene work were described in part 1. The 
PMMA used in this study was a commercial grade (PRD-41) 
manufactured by the Rohm and Haas Co. The PMMA had a 
weight-average molecular weight of 200 000 and a polydispersity 
of 2.35 (determined by gel permeation chromatography). The 
glass transition temperature of the PMMA was 116-120 "C, as 
measured by differential scanning calorimetry. Methanol, methyl 
acetate, and methyl methacrylate were of spectral grade products, 
obtained from MCB Manufacturing Chemists Inc. (a division of 
EM Industries, Inc., Gibbstown, NJ). 

Column Preparation. The preparation of the three columns 
used for the polystyrene work was described in detail in part 1. 
For convenient reference, the physical characteristics of the three 
columns are summarized in Table 1. The average film thickness 
and average interior diameter were determined indirectly, via 
measurements of the column weight, the coating weight, and the 
outside diameter of the column.' The uniformity of the coating 
was evaluated by examining numerous samples of each column 
with a scanning electron micro~cope.'~ Micrographs of cross 
sections taken at several points along the length of each column 
showed the coating to be annular in character, with complete 
coverage of the column wall and a high degree of axial uniformity. 

column, pm 

column, m 

where R(w) denotes the real part of the Fourier transform, 
I ( w )  denotes the imaginary part of the Fourier transform, 
and the subscript indicates an experimental or theoretical 
transform. 

Because the transform of the experimental response 
curve must be evaluated numerically, eq 40 can only be 
evaluated numerically, over a finite interval. Approxi- 
mating the integral by a finite sum over the interval [-3,3]  
yields the following: 

, N  
I = E [ W e ( w n )  - Rt(wn)12 + Ve(@n) - I t ( ~ n ) ] ~ I A w / ( 2 * )  

(41) 

where Aw = QIN,  and w, = n A w .  
The accuracy of this approximation is dependent on 

both the size of the interval and the number of partition 
points. Use of a partial integral to approximate the Fourier 
transform is analogous to truncation of the higher order 
terms of a Fourier series expansion. For the response 
curves obtained in an IGC experiment, the magnitude of 
the Fourier transform approaches 0 for large w. Thus, the 
truncation error associated with eq 41 can be made as small 
as directed simply by increasing 3. 

For reasons that will become apparent, it is convenient 
to  redefine the size of Aw in terms of the duration of the 
elution curve. Suppose that the elution curve, f ( t ) ,  is re- 
corded for the time interval (O,t,), where t ,  is sufficiently 
large that f(t) may be assumed to be 0 outside of the in- 
terval. Then we define the partitioning of the frequency 
domain as 

w, = na/t, (42) 

Substituting this definition into eq 41 and utilizing the fact 
that G(-w) equals the complex conjugate of G(w) yield the 
following result: 

n=-N 

1 z = - [ (Re(0)  - R,(0))2 + (Z,(O) - I t ( O P 1  + 
2 t m  

l N  
- C [(Re(wn) - Rt(Wn)12 + (Ze(un) - Zt(wn)121 (43) t ,  n=l 

Minimization of this function with respect to the un- 
known model parameters results in the best least-squares 
approximation of the experimental elution curve in the 
time domain. 

Note that by using the definition of the Fourier trans- 
form and taking into account the properties of f(t), we may 
obtain the following: 

R(w) = Re (F(w))  = x I f ( t )  cos (ut) d t  

where A ,  and Bn are the coefficients of a Fourier series 
expansion of f ( t )  over the time interval (-t,,t,). Thus, eq 
43 is computationally equivalent to evaluating the sum of 
the squared differences between corresponding Fourier 
series coefficients of the theoretical and experimental re- 
sponse curve. The approximation errors associated with 
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With columns 1 and 3, coatings were uniform in thickness. The 
coating in column 2 was slightly asymmetric with respect to the 
axis of the column. The coating edge had the appearance of an 
eccentric annulus, as illustrated by Figure 1. The ratio of min- 
imum coating thickness to maximum coating thickness, Qi, was 
about 0.6 for all of the samples examined. The asymmetry in the 
coating is thought to result during the coating process from de- 
formation of the liquid-vapor interface by gravity. 

Two columns were coated with PMMA by using the static 
coating method described in part 1. The average film thicknesses 
and column dimensions are summarized in Table I. The di- 
mensions of column 1 were measured by using the destructive 
characterization technique, presented in part 1. Column 2, 
however, was not destroyed to measure the film thickness; rather, 
the film thickness was inferred from values of CY and measured 
on column 2 and from the values of the diffusivity and partition 
coefficient measured on column 1 at the same temperature. From 
the definitions of CY and @ in eq 17 and from the measured values 
of the diffusivity and partition coefficient, the film thickness was 
estimated. Column 1 exhibited a slight eccentricity with a value 
of Qi of approximately 0.7.  

Data Reduction. The theoretical model was fit to each elution 
curve to obtain an estimate of a and p by using the Fourier 
estimation procedure. The partition coefficient and diffusion 
coefficient were then calculated from CY and p, by using average 
coating and column dimensions. The measure of axial dispersion 
y was negligibly small for all of the experiments, so the simpler 
form of the theoretical transform solution (eq 34) was used. The 
Laplace transform solution developed for the case of a nonuniform 
coating (eq 35) was used to accommodate columns with slightly 
asymmetric coatings. 

To quantify the goodness of fit,  we used estimated values of 
CY and /3 to generate a theoretical elution profile, by numerical 
inversion of the tran~f0rm.l~ The inversion routine was pro- 
grammed to output concentrations at times corresponding to the 
experimental data points. The agreement between the two curves 
was then quantified by calculating the sum of the squared dif- 
ferences between the two sets of data. The maximum difference 
between the two sets of curves, expressed as a percentage of the 
maximum concentration, was also determined. 

Results and Discussion 
Polystyrene Data. In partl,' capillary column IGC was 

used to measure the partition coefficient and diffusion 
coefficient of benzene, toluene, and ethylbenzene in 
polystyrene, from 110 to 140 "C. In that study, moment 
estimation was used to obtain parameter estimates from 
the elution curves. In this paper, the same experimental 
data (elution curves) are reanalyzed by using Fourier do- 
main estimation. The primary purpose of this exercise is 
to provide a direct comparison of the two estimation 
methods. A comparison of the IGC results with previous 
literature was given in part 1, and will not be repeated here. 

As outlined in part 1, measurements for each solvent/ 
polymer pair were obtained a t  several carrier flow rates, 
with use of each of the three columns described in Table 
I. Table I1 contains a summary of the experimental con- 
ditions used in the study. In the discussion that follows, 
all experiments within a row of Table I1 will be referred 
to  as a data set. Note that two or three replicate elution 
curves were obtained a t  each of the conditions listed, and 
all measurements were made a t  conditions approaching 
infinite dilution of the solvent. The use of multiple col- 
umns and several flow rates was intended to provide for 
checks of the validity of the theoretical model used for the 
analysis. 

Estimates of a and @ were obtained for each elution 
curve by using the Fourier estimation procedure outlined 
earlier. To  confirm that a satisfactory fit between model 
and experiment had been obtained, we used the parameter 
estimates to generate theoretical elution curves, via nu- 
merical inversion of the Laplace transform solution. In 
every case, the theoretically generated curve accurately 

Table I1 
Summary of ExDerimental Conditions of PS Studv 

toluene 

approx carrier velocity, 
cm/s  solvent temp, "C col 

benzene 110.0 2 2.00 2.65 4.10 
120.1 1 2.65 3.50 5.00 
120.2 2 3.20 4.60 7.65 
130.2 1 3.20 5.00 9.25 
130.4 2 4.25 6.00 7.30 8.80 
130.2 3 5.50 7.80 14.40 24.60 
140.6 2 5.35 7.60 11.80 
110.0 2 2.00 2.65 4.10 
120.1 1 2.65 3.50 5.00 
120.2 2 3.20 4.60 7.65 
130.2 1 3.20 5.00 9.25 
130.4 2 4.25 6.00 7.30 8.80 
130.2 3 5.50 7.80 14.40 24.60 
140.6 2 5.35 7.60 11.80 

ethylbenzene 110.0 2 2.00 2.65 4.10 
120.1 1 2.65 3.50 5.00 
120.2 2 3.20 4.60 7.65 
130.2 1 3.20 5.00 9.25 
130.4 2 4.25 6.00 7.30 8.80 
130.2 3 5.50 7.80 14.40 24.60 
140.6 2 5.35 7.60 11.80 

reproduced the original elution curve. The maximum 
deviation between the theoretical and experimental elution 
curves ranged from 3% to 6% of the peak value of the 
elution curve. 

Evaluation of the Model. Within each data set, tests 
were performed to verify that the results showed the 
proper dependence on carrier velocity. 

The dimensionless parameter a depends only on the 
partition coefficient and coating thickness. Thus, ac- 
cording tQ the model, a should not be dependent on carrier 
velocity. This was observed experimentally; within a data 
set, values of a were essentially constant. In the worst 
cases (experiments with column 2 a t  120 and 130 "C), the 
maximum deviation of any individual measurement from 
the mean value of the data set did not exceed 6%. In a t  
least half of the data sets, the maximum deviation from 
the mean was less than 2%. Standard statistical tests 
showed no significant correlation of a with flow rate (at 
a 90% confidence level) for the majority of the data. The 
exceptions to this were the data from column 2 at 140 "C 
and the data for ethylbenzene a t  120 "C from column 1. 
However, for each of these data sets, the value of a was 
constant to f2%;  this variation is so small that no physical 
significance is attributed to the observed correlation. 

The dimensionless parameter p2 is inversely proportional 
to the carrier residence time, td. Thus, according to the 
model, the quantity P2td should not be dependent on 
carrier velocity. This was observed experimentally; within 
a given date set, the value of P2td was essentially constant. 
In the worst case, the data for benzene a t  130 "C from 
column 2, the maximum deviation of an individual mea- 
surement from the mean value of the data set was only 
10%. In the majority of the other data sets, individual 
measurements did not deviate from the mean by more 
than 5%. Tests of the correlation coefficient for plots of 
P2td versus l/td show no significant correlation (at a 90% 
confidence level) for the majority of the data sets. In all 
cases where the test indicated statistical significance of the 
correlation, the maximum variation in the value of P2td is 
less than 4%. This variation is so small that no physical 
significance is attributed to the correlation. 

Summary of Fourier Estimation Results. Table 111 
gives a summary of the Fourier estimation results. For 
later comparison, the moment analysis estimates from part 
1 are also shown. The number in parentheses following 
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Table I11 
ComDarison of Results Derived by Moment and Fourier Analysis for PS Study 

Fourier method moments method 
temp, partition diffusivity, partition diffusivity , 

solvt "C col coeff (a) W0 cm2/s (u) coeff (u) Wo cm2/s (u) 
9.32 (0.32) 42.6 (0.9) 7.84 (0.41) 

toluene 

benzene 110.0 
120.1 
120.2 
130.2 
130.4 
130.2 
140.6 
110.0 
120.1 
120.2 
130.2 
130.4 
130.2 
140.6 

120.1 
120.2 
130.2 
130.4 
130.2 
140.6 

ethylbenzene 110.0 

2 
1 
2 
1 
2 
3 
2 
2 
1 
2 
1 
2 
3 
2 
2 
1 
2 
1 
2 
3 
2 

40.9 (0.9) 
33.6 (1.2) 
34.2 (1.2) 
26.9 (0.9) 
27.1 (0.8) 
26.8 (0.6) 
21.8 (0.9) 
82.8 (2.2) 
63.7 (2.2) 
64.5 (2.8) 
49.4 (1.7) 
49.9 (1.3) 
50.4 (1.1) 
38.5 (0.9) 

148.1 (6.1) 
109.2 (3.8) 
109.9 (2.0) 
82.9 (2.8) 
83.1 (2.2) 
84.0 (1.7) 
64.0 (1.5) 

each table entry is an estimate of the standard deviation 
of the measurement, based on the accuracy of the column 
dimensions used in the calculations and the reproducibility 
of the measurement. 

The partition coefficients reported in Table I11 were 
calculated from the mean value of CY for each data set. 
Comparison of the entries at  120 and 130 "C show that the 
column to column reproducibility of the data is good. The 
difference between the measurements on different columns 
is consistent with the estimated standard deviation of the 
measurements. This agreement would also suggest that 
surface adsorption must have been negligible in the ex- 
periments. 

The diffusion coefficients reported in Table I11 were 
obtained from each data set by plotting P2 versus l / t +  
According to the model neglecting axial dispersion, this 
plot should be linear, extrapolate through the origin, and 
have a slope equal to rm/D,. A linear least-squares fit of 
the data, constrained to pass through the origin, was used 
to obtain the slope. Comparison of the entries at  120 and 
130 "C shows that the column to column reproducibility 
of the data is good. The difference between the mea- 
surements on different columns is consistent with the 
estimated standard deviation of the measurements. 

Comparison of Moment and Fourier Estimation. 
Comparison of the data in Table I11 shows that the pa- 
rameter estimates obtained by the method of moments are 
not significantly different from those obtained by Fourier 
domain estimation. 

The agreement between partition coefficient estimates 
obtained by each method is excellent. With the exception 
of the 110 "C data, the partiion coefficient estimates for 
corresponding data sets differ by less than 3%. Since the 
estimated standard deviation of the measurements is 
typically 2-4 %, the two sets of data are equivalent within 
experimental error. 

The agreement between the diffusion coefficient esti- 
mates obtained by each method is also good, overall. In 
the majority of the cases, the estimates obtained for cor- 
responding data sets differ by less than 5 %. The excep- 
tions to this were the results a t  110 and 120 "C from 
column 2. In these cases, the estimates from moment and 
Fourier domain estimation are as much as 30% different, 
an amount greater than the estimated experimental error. 

29.80 (1.7) 
31.10 (1.0) 
98.30 (5.6) 
90.70 (3.4) 
97.70 (3.1) 

258.00 (9) 
4.34 (0.16) 
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35.30 (1.1) 
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Figure 6. Comparison of a theoretical (a) and experimental (b) 
elution curve for benzene in PS from column 2 at 130 "C and a 
carrier velocity of 6 cm/s. The theoretical profile was generated 
by using the best set of parameters obtained by moment esti- 
mation. See Figure 7 for a comparison of the same experimental 
curve to the theoretical curve predicted for parameters estimated 
in the Fourier domain. 

The larger disagreement that exists between these sets 
of data is probably the result of systematic errors in the 
moment data. In all of these cases, the diffusivity obtained 
from moment analysis is smaller than that obtained by 
Fourier domain estimation. It is further apparent, from 
a comparison of the other data sets, that the diffusivity 
determined by Fourier domain estimation is normally 
larger than the diffusivity determined by moment esti- 
mation. These observations would be consistent with 
systematic overestimation of the peak variance, as deter- 
mined by integration of the elution curves. As discussed 
earlier, such errors are likely because of the nature of the 
weighting function used to calculate the second moment. 

This explanation is supported by a comparison of the- 
oretical and experimental elution curves to determine 
which set of parameters best reproduces the original elu- 
tion curves. Such a comparison is shown in Figures 6 and 
7 ,  for the benzene data from column 2 at  130 "C. (The 
disagreement between the two methods of analysis was 
greatest for this data set.) As can be seen from the dia- 
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Figure 7. Comparison of a theoretical (a) and experimental (b) 
elution curve for benzene in PS from column 2 at 130 "C and at 
a carrier velocity of 6 cm/s. The theoretical profile was generated 
by using the best set of parameters obtained by Fourier domain 
estimation. 

Table IV 
Summary of Experimental Conditions of PMMA Study 

approx carrier velocity, 
cm/s temp, 

eolv " C  col 
MMA 135.5 1 14.22 7.81 3.52 

150.9 1 14.60 8.04 3.65 
161.1 1 15.00 8.28 3.71 

MeAc 125.3 2 18.62 10.26 4.71 
135.5 2 18.88 4.75 
150.9 2 19.54 10.87 4.94 
161.0 2 20.07 5.11 

MeOH 89.8 1 12.75 7.01 3.16 
100.3 1 12.88 7.12 3.21 
109.7 1 13.47 7.37 3.31 
125.2 1 13.74 7.63 3.46 
130.4 1 13.94 7.61 3.51 
135.4 1 14.13 7.87 3.52 
150.6 1 14.57 8.10 3.71 
160.8 1 14.84 8.28 3.76 
170.8 1 15.17 8.41 3.81 

MeOH 125.2 2 18.46 10.23 4.69 
135.5 2 18.90 10.46 4.75 
150.7 2 19.58 10.95 4.96 

grams, the parameters determined by Fourier domain 
estimation more closely reproduce the original elution 
curve. 

The greater reliability of Fourier domain estimation can 
also be seen by comparing the column to column variability 
of results obtained by each method. For both the partition 
coefficient and diffusion coefficient, the Fourier estimation 
results are less variable than the moment estimation re- 
sults. 
Poly(methy1 methacrylate) Da ta  

Overview. The objective of this study was to extend 
the capillary column IGC technique to  a second polymer 
stationary phase, to investigate the utility of the technique 
in studying polymer/solvent systems that exhibit highly 
skewed elution curves, and to determine if the capillary 
column IGC technique can be applied a t  temperatures 
below the glass transition temperature of the polymer. 

The capillary column IGC technique was used to mea- 
sure the partition coefficients and diffusion coefficients 
of methanol (MeOH), methyl acetate (MeAc), and methyl 
methacrylate (MMA) in poly(methy1 methacrylate) 
(PMMA). Table IV contains a summary of the experi- 
mental conditions of each run. For each temperature, 
measurements were made at  three different flow rates (two 
series of runs were made at  only two flow rates), and at  

10 
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Figure 8. Comparison of highly skewed theoretical (a) i I 
experimental (b) elution curves for MMA in PMMA at T = 135.5 
O C .  

each flow rate, two or three replicate elution curves were 
obtained. All measurements were made at solute con- 
centrations approaching infinite dilution. 

Comparison of Moment and Fourier Estimation. In 
the polystyrene study discussed previously, the Fourier 
estimation technique was shown to give a slight im- 
provement in the precision of the parameter estimation 
as compared with that of the moment estimation techni- 
que; however, the polystyrene elution curves exhibit a 
nearly Gaussian shape, and moment estimation is adequate 
for parameter estimation. The merits of Fourier estimation 
are expected to be evident when analyzing highly skewed 
elution curves. For these curves, the moment estimation 
technique yields significant errors due to the dispropor- 
tionate weighting of the less reliable data in the long tail. 

Skewing of elution curves increases with decreasing 
diffusivity. This can be explained by the reduction in the 
sorption and desorption rates of solute with decreasing 
diffusivity. For a low-diffusivity solute, the bulk of the 
solute remains in the gas phase, as only small amounts of 
the solvent can diffuse into the polymer phase. The result 
is a sharp spike of solute exiting with a residence time close 
to that of the carrier gas. After this spike passes, the 
solvent absorbed in the polymer slowly bleeds from the 
film, resulting in a long, flat tail. An experimental elution 
curve exhibiting these traits is shown in Figure 8 for MMA 
in PMMA at T = 135.5 "C. 

PMMA was chosen as the stationary phase, since dif- 
fusion in PMMA is slower than in polystyrene. The elu- 
tion curves are also more skewed. Comparison of results 
derived by moment estimation with those derived by 
Fourier estimation reveal that the Fourier estimation 
technique offers a significant improvement in the precision 
of the parameter estimates for all the systems studied. 
This improvement in precision was exhibited by an im- 
proved reproducibility of the model parameters, a and p, 
measured for replicate runs. In addition, the flow rate 
dependence of the model parameters determined by using 
the Fourier technique compared more favorably with that 
predicted by the model. In Figure 9, the dimensionless 
second central moment, F*2/td2, calculated from values of 
a and fl  estimated by both the moment and Fourier 
techniques, are plotted versus 1000/td for MeOH at 160.8 
"C. The improvement in both the reproducibility and the 
flow rate dependence of the data fit by the Fourier tech- 
nique is evident (the model predicts a line through the 
origin). Similar improvements were evident for mea- 
surements on MeOH at all temperatures. In fact, the 
moment technique was unacceptable for analyzing MMA 
and MeAc data due to the greater skewing in their elution 
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Table V 
IGC Results from PMMA Study 

retention 
solvt temp, "C 1/T,  lo3 K-' col partition coeff activity coeff vol, cm3/g x parameter diffusivity, cm*/s 

MeOH 89.8 2.76 1 28.56 15.11 18.78 1.23 1.78 x 10-9 
100.3 
109.7 
125.2 
125.2 
130.4 
135.4 
135.5 
150.6 
150.7 
160.8 
170.8 

MMA 135.5 
150.9 
161.1 

MeAc 125.3 
135.5 
150.9 
161.0 

2.68 
2.61 
2.51 
2.51 
2.48 
2.45 
2.45 
2.36 
2.36 
2.30 
2.25 
2.45 
2.36 
2.30 
2.51 
2.45 
2.36 
2.30 

1 
1 
1 
2 
1 
1 
2 
1 
2 
1 
1 
1 
1 
1 
2 
2 
2 
2 

19.81 
14.80 
10.28 
9.70 
8.68 
8.55 
8.35 
6.72 
6.72 
5.84 
5.04 

31.04 
14.93 
13.74 
13.36 
8.75 
7.36 
6.52 

0 ""'-1 010 

0000 ! , I , , , 4 
0 7 4 6 8 I O  

1000/td (s .1)  

Figure 9. Comparison of the dimensionless second central mo- 
ments determined by moment (0) and Fourier (+) estimation 
for MeOH in PMMA at 160.8 "C. 

curves. For these solutes, only Fourier estimation gave 
acceptable reproducibility and flow rate dependence of the 
model parameters. 

Diffusivity Measurements. Values of the diffusivities 
measured for MeOH, MeAc, and MMA in PMMA are 
listed in Table V. The ordering of the diffusivities is as 
expected with the smallest molecule, MeOH, exhibiting 
the largest diffusivity and the largest molecule, MMA, 
exhibiting the smallest diffusivity. In Figure 10, log D, 
is plotted versus the reciprocal temperature for MeOH, 
MMA, and MeAc. The MeOH curve is linear, whereas a 
significant curvature is noticed for MeAc and MMA as the 
glass transition is approached. This behavior is consistent 
with that predicted by the free-volume theory of diffu- 
 ion,^^ which predicts that the curvature increases as the 
glass transition temperature is approached. Free volume 
theory also predicts the curvature to increase with in- 
creasing volume of the penetrant molecule; this is also 
consistent with our measurements, as is evident in Figure 
10. 

A more appropriate analysis of the data in terms of free 
volume theory is to plot the log D, versus 1/(Kz2 + T - 
Tg); K22 characterizes the free volume of the polymer and 
is discussed in detail by Vrentas and D ~ d a . ~ ~  This plot 
should be linear above and below the Tg If excess free 
volume is frozen into the glass, a break in the slope is 
predicted a t  the Tg. 

15.97 
16.54 
16.24 
17.22 
17.10 
15.57 
15.91 
14.57 
14.55 
13.91 
13.59 
5.14 
7.91 
7.16 
6.25 
7.97 
7.40 
7.20 

12.72 
9.31 
6.26 
5.90 
5.23 
5.09 
4.97 
3.89 
3.88 
3.31 
2.81 

18.49 
8.63 
7.79 
8.13 
5.22 
4.25 
3.70 

1.27 
1.29 
1.14 
1.30 
1.29 
1.18 
1.20 
1.08 
1.08 
1.01 
0.96 
0.31 
0.72 
0.60 
0.46 
0.68 
0.58 
0.53 

3.14 x 10-9 
6.02 x 10-9 
1.62 X 
1.58 X 
2.10 x 10-8 
2.82 X 
2.94 X 
7.37 x 10-8 
7.23 X 
1.19 x 10-7 

9.13 X lo-" 
1.81 x 10-7 

1.25 x 10-9 
3.14 x 10-9 

2.05 x 10-9 
8.57 x 10-9 

4.23 X 

1.47 X low8 

0 
+ w o 

+ 
'E 
I I  

0 0022 0.0024 0 0026 0 0028 

liT (K- ' )  

Figure 10. Temperature dependence of the infinite dilution 
diffusion coefficient of solute in PMMA: (0) MeOH; (H) MeAc; 
(e) MMA. The solid line gives super-T, data of MeOH in PMMA 
from Zhurkov and Ryskin.26 

+ 

5 I O  Tg 15 20 25 

1000/(K22+T-Tg) ( K - I )  

Figure 11. Free-volume plot of the infinite dilution diffusion 
coefficient of solute in PMMA (0) MeOH; (H) MeAc; (+) MMA. 
Solid lines give super-T and sub-T, data of MeOH in PMMA 
from Zhurkov and Rysfin.26 

In Figure 11, log D, is plotted versus 1000/(Kz2 + T - 
T ) for MeOH, MMA, and MeAc in PMMA. The value 
O ~ ! K ~ ~  for PMMA was taken to be 73.0 K as given by Hu 
and Han.25 Measurements were made both above and 
below the Tg for MeOH only. The MeOH plot is linear 
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above and below the glass transition with a break in the 
slope at  or near the T, (116 "C); this suggests that excess 
free volume was frozen into the polymer. The super-T 
plots for MMA and MeAc exhibit a slight downward 
curvature. Similar curvature is exhibited in plots for 
ethylbenzene, toluene, and n-decane in PMMA, as mea- 
sured by Hu and Han25 using a packed column IGC 
technique. 

Comparison with Literature Data above T . For the 
penetrants investigated in this study, super-T, diffusivity 
data are available only for MeOH. Zhurkov and RyskinZ6 
measured the diffusivity of MeOH in PMMA using a vapor 
sorption technique. In Figure 10, Zhurkov and Ryskin's 
diffusivity data are also plotted for comparison with the 
diffusivity data of this study. Their data are presented 
as an Arrhenius plot defined by the relation D, = Do log 
(-E,/RT); Zhurkov reported values of E,  equal to 21.6 
kcal/mol and Do equal to 50 118 cmz/s a t  temperatures 
above the T,. Their diffusivities vary from 2.5 to  6 times 
greater than those measured in our studies. The value of 
the super-T, activation energy for MeOH measured in our 
study, 19.8 kcal/mol, is consistent with the value reported 
by Zhurkov. 

The PMMA used by Zhurkov and Ryskin exhibits its 
T, a t  about 87 "C ,  31 "C below that of the PMMA used 
in this study. For comparison of these measured diffu- 
sivities on the basis of free-volume theory, the log of the 
diffusivities measured in both studies is plotted versus 
1000/(Kzz + T - T,) in Figure 11. Although the values of 
the diffusivities agree more closely when plotted versus 
l/(Kzz + T - T,), significant differences still exist. The 
disagreement is likely a result of the differences in the 
nature of the polymers, as suggested by the large differ- 
ences in T, values for the two PMMA's studied. 

Comparison with Literature Data below T,.  The 
sub-T, diffusion of MeOH in PMMA occurring in our IGC 
experiments is assumed to be Fickian, as changes in the 
state of the glass during the sorption process are expected 
to be negligible. This is explained by the small variation 
of the penetrant concentration attending the sorption 
process, a result of the small injection volumes (0.01 pL 
of liquid) used in the IGC technique. 

Zhurkov and Ryskin26 also measured diffusivities of 
MeOH in PMMA a t  temperatures below the glass tran- 
sition. As for the super-T, measurements, comparison of 
diffusivities will be made on the basis of the distance from 
the T to account for the lower T, of Zhurkov and Ryskin's 
P M d A .  In Figure 11, the log of the sub-T, diffusivity 
measured in both studies is plotted versus 1/(Kz2 + T - 
T.J. The sub-T, diffusivity data of Zhurkov presented in 
Figure 11 were calculated from the Arrhenius relation with 
E, equal to 12.4 kcal/mol and Do equal to 0.1 cm2/s, as 
reported by Zhurkov and Ryskin.26 The sub-T, plots ex- 
hibit a similar slope; however, the diffusivities measured 
in this study exceed those of Zhurkov's study by a factor 
of approximately 2.5. 

Sub-T, measurements of the diffusivity of MeOH, 
MMA, and MeAc in PMMA have been made by other 
investigators at a temperature of 30 "C. To compare them 
with the diffusivities measured in this study, we have ex- 
trapolated our plots of log D, versus 1/T to 30 "C. The 
diffusivities measured by these investigators and our ex- 
trapolated values are listed in Table VI, along with the 
concentration ranges of the experiments. Hopfenberg et 

measured the diffusivity of MMA in PMMA at  30 "C 
using a vapor sorption technique. Their value of the 
diffusivity is nearly 3 orders of magnitude larger than our 
extrapolated value. This is not surprising, however, as 
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Table VI 
Comparison of Sub-T, Diffusivities of This Study 

Extrapolated to 30 O C  with Values from the Literature for 
PMMA 
diffusivity, cm2 s temp, mass 

solvt ' C  fraction this study lit. source 
MMA 30 0.09 1.9 X 8.0 X Hopfenberg et  

a1 2; 

MeAc 30 0.005 8.5 x 5.0 X Wing et aL2* 
MeOH 30 0.005 6.4 X 10"2 1.6 X lo-'' Berens et  

' O O L  

l f r  ( K . ' ,  

Figure 12. Temperature dependence of the retention volume 
of solute in PMMA: (0) MeOH; (W) MeAc; (e) MMA. 

much larger diffusivities are expected at the high penetrant 
concentration (0.09 mass fraction) used in Hopfenberg's 
experiments. Also, contributions from case I1 transport, 
as reported in Hopfenberg's studies, further muddle the 
comparison. The diffusivity of MeAc in PMMA was 
measured by Wang and KweP using vapor sorption at 30 
"C and at  a penetrant mass fraction of 0.005. Close 
agreement is noted with our extrapolated value of the 
diffusivity. Berens and HopfenbergZ9 measured the dif- 
fusivity of MeOH in PMMA at  30 "C and at  a penetrant 
mass fraction of 0.005, also using a vapor sorption tech- 
nique. The diffusivity measured by using vapor sorption 
is twice as large as that measured by using IGC. Again, 
this is not unreasonable considering the finite concentra- 
tion of the vapor sorption studies. 

Two caveats should be noted concerning any conclusions 
drawn from these comparisons. Firstly, knowledge of the 
state of the glass (i.e., the amount of excess free volume 
frozen in) is essential for any unambiguous comparison of 
sub-T, transport measurements; yet, the state of the glass 
is not known in any of these studies. Secondly, extrapo- 
lation of super-T, diffusivities to sub-T, temperatures 
could result in significant uncertainty due to the large 
curvature in the diffusivity plots near the glass transition 
temperature. Thus, comparison of IGC results with the 
vapor sorption results are not expected to yield close 
agreement. 

Retention Volume Measurements. The retention 
volume, V , of MeOH, MMA, and MeAc were measured 
in this study, and these values are listed in Table V. Plots 
of log V ,  are presented in Figure 1 2  as a function of the 
reciprocal temperature. All curves show an upward cur- 
vature with decreasing temperature ranging from slight 
for MeOH to large for MeAc. There is no break or tran- 
sition in the MeOH retention volume plot in the vicinity 
of the glass transition, as has been observed when the peak 
maximum is used as the measure of the retention time. 
This further supports the use of the mean of the elution 
curve as the proper measure of the retention time. 
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Vrentas et measured the Flory-Huggins interaction 
parameter, x12, of MeOH in PMMA using a vapor sorption 
technique. Over the temperature range 130-160 "C, they 
measured an average value of x12 equal to 1.2 f 0.05. This 
is consistent with the values of x12 measured in this study, 
which are listed in Table V. 

Reliability of Parameter Estimation. The reliability 
of the parameter estimation decreases as tailing in the 
elution curve increases. This is true, regardless of the 
estimation method used. This is believed to be caused by 
the loss in precision of the data in the tail of the curve due 
to its lower signal-to-noise ratio. As tailing increases, the 
fraction of imprecise data increases and the results become 
less reliable. Indicators of reliability problems are poor 
comparison of experimental and theoretical elution curves, 
loss of reproducibility, and nonconformity to model trends 
(such as linearity of the plots of the dimensionless second 
moment versus l / t d ) .  

All of these problems are observed for the MeAc data 
a t  135 "C and for the MMA data a t  135.5 and 125.3 "C, 
where considerable tailing is evident. In fact, only the data 
taken at the lowest of the three flow rates were acceptable 
for analysis. The others were rejected due to poor com- 
parison of the experimental and theoretical elution curves, 
a result of the increased skewing and greater tailing a t  the 
higher flow rates. For all elution curves exhibiting sig- 
nificant skewing, the peak maxima of the predicted elution 
curves consistently exceeded those of the experimental 
elution curves; the overshoot in the theoretical elution 
curve of MMA in PMMA a t  135.5 "C shown in Figure 8 
is typical of highly skewed elution curves. Thus, the 
precision of the MMA results a t  135 "C and MeAc results 
a t  125 and 135 "C is in question. 

Modifying the Experiment To Reduce Skewing. 
The IGC technique is not limited to polymer/solvent 
systems that exhibit elution curves without significant 
skewing (a symptom of systems with low diffusivities). All 
polymer/solvent systems with sufficient solubility can yield 
elution curves without severe tailing. This can be accom- 
plished by proper modification of the column and film 
geometries and carrier gas flow rates, as discussed below. 

The dimensionless model parameter, p 
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A* 
B n  
C gas-phase solute concentration 
C '  stationary-phase solute concentration 
C mean gas-phase solute concentration 
CO strength of the inlet impulse 
De diffusion Deborah number 

gas-phase diffusion coefficient 
stationary-phase diffusion coefficient 
arbitrary response curve 
theoretical response curve 

imaginary part of Fourier transform 

number of discrete points used in numerical Fourier 

coefficient of Fourier expansion of f ( t )  
coefficient of Fourier expansion of f ( t )  

D, 

f t  
f e  experimental response curve 
I objective function 
I ( W )  
K partition coefficient 
L column length 
N 

4 dimensionless stationary-phase concentration 

r radial coordinate 
r' r - R  
R radius of the column 
R(w) 
S Laplace variable 
t time 
t d  
T column temperature 
V 

fDp 

transform 

Q L  Tmin/ Tmax 

real part of Fourier transform 

residence time of the carrier gas, L / V  

mean speed of the carrier gas 
specific retention volume 
dimensionless film thickness 
dimensionless axial length 

Laplace transform of exit concentration 

3 
X 
Y dimensionless mobile phase concentration 
Y 
z axial coordinate 
Greek Symbols 
a! dimensionless solubility parameter 

dimensionless diffusion parameter 
dimensionless axial dispersion parameter 

P 
Y 
AU interval between discrete points, w n  
6 ( t )  Dirac 6 function 
Pl first temporal moment or mean residence time 
P2* second central moment or variance of the concen- 

hk kth normalized moment of the elution curve 
hk* Kth central moment of the elution curve 
1 dimensionless film thickness 
e dimensionless time 
r film thickness 
Tm mean film thickness 
Tmin minimum film thickness 
T,,, maximum film thickness 
4 azimuthal angle 
XlZ Flory-Huggins interaction parameter 
Q function of s, eq 23 
w imaginary space coordinate 
an nth discrete point in imaginary space 
D interval of integration of Fourier transform 

Registry No. MMA, 80-62-6; PMMA, 9011-14-7; MeOH, 
67-56-1; benzene, 71-43-2; toluene, 108-88-3; ethylbenzene, 100- 
41-4; polystyrene, 9003-53-6; methyl acetate, 79-20-9. 
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ABSTRACT: Anomalous small-angle X-ray scattering has been employed to study the morphology of a 
nickel-neutralized sulfonated polystyrene ionomer, with particular emphasis on the characteristic upturn in 
scattered intensity near zero angle. The results indicate that the zero-order scattering is related to the ionomer's 
neutralizing cation. Applying the Debye-Bueche random two-phase model to the data indicates that the 
heterogeneity giving rise to the zero-angle scattering has a much larger length scale and smaller electron density 
difference than the aggregate-matrix scattering and may be due to an inhomogeneous distribution of isolated 
ionic groups in the matrix. 

I. Introduction 
Small-angle X-ray scattering (SAXS) has been shown 

to  be a powerful technique for characterizing the mor- 
phology of ionomers,'-1° but to correlate SAXS results with 
the physical, chemical, or transport properties, ionomer 
morphology must be understood. Typical ionomer SAXS 
patterns contain a peak with a Bragg spacing typically 
20-100 A and a strong upturn in intensity as zero angle 
is approached. The peak has been taken as a signature 
of ionic aggregation since i t  was first observed,' and nu- 
merous SAXS studies have established the validity of this 
assignment.'-'O But while several detailed ionomer mor- 
phological models have been proposed?JO none can fit both 
the peak and the upturn with a consistent set of param- 
eters. As a result, Yarusso and Cooperlo have suggested 
that the upturn might be artifactual, possibly arising from 
residual camera scattering or impurities or voids in the 
samples. Recent work by Kumar and Pin6ris shows that 
scattering from a uniformly electron dense but finite 
sample volume gives an upturn qualitatively similar to that 
observed in ionomers. However, the calculated intensity 
from this source is considerably smaller than what is ob- 
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IL 60073. 
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ersity, New York, NY 10032. 

served, meaning that an additional source of scattered 
intensity must exist. 

To determine whether the cations in the ionomer give 
rise to the observed upturn as well as peak scattering, it 
would be highly desirable to separate scattering involving 
the cation from nonionic scattering sources. Selectively 
changing the scattering power of one of the scattering 
elements in a material has been widely used for this 
purpose in mineral and biological crystallography. One 
often-used method is to prepare a second material which 
has the same structure as the one under study, but with 
one type of atom replaced with one much lighter or heavier 
(known as an isomorphous derivative); however, this pro- 
cedure suffers from the difficulty of producing two samples 
of identical morphology." Another means of varying 
scattering contrast is to perform a set of complementary 
scattering experiments (X-ray, neutron, electron) on a 
single sample,12 but a single sample is generally unsuitable 
for more than one type of experiment. Recently, with the 
availability of intense, continuously tunable X-rays from 
synchrotron sources, anomalous small-angle X-ray scat- 
tering (ASAXS) has been demonstrated as a uniquely 
powerful method for changing the scattering contrast of 
a selected eIement.11J3-19 This paper describes the ap- 
plication of ASAXS to a nickel-neutralized sulfonated 
polystyrene ionomer. 

11. Experimental Section 
A. Sample Preparation. The sulfonated polystyrene studied 

was obtained from Dr. Robert Lundberg and the late Dr. Henry 
Makowski of the Exxon Research and Engineering Co. and was 
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